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Abstract 

All knots are fused isotopic to the unknot using a process known as virtualization. 
We extend and adapt this process to show that, up to fused isotopy, classical links are 
classified by their linking numbers. 
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1. Introduction 

Classical braids and links have been generalized to the virtual category |iQ - adding 
virtual crossings and extending isotopy to allow the virtual analogues of the classical Rei- 
demeister moves. The forbidden moves Fo and Fu, shown in Figure^ are not allowable 
under virtual isotopy. Extending virtual isotopy in the virtual braid group VBn to al- 
low the Fo move gives rise to the welded braid group WBn, which has been shown to 
be isomorphic to PC„, the group of automorphisms of the free group on n elements of 
permutation-conjugacy type |3|. Allowing both of the forbidden moves Fo and Fu gives 
rise to fused isotopy |8|. That is, two virtual links Li and L2 are called fused isotopic if 
L2 can be obtained from Li by a finite sequence of Reidemeister moves, virtual moves and 
Fn, F,, moves. 







Figure 1 : The forbidden moves 

Let JC be the space of classical links embedded in and let VJC be the space of virtual 
links. Kauffman ^8J, and independently Goussarov-Polyak-Viro |5|, have shown that K. 
embeds into V/C. Let / denote the natural inclusion of VJC into the space of fused links 

TK. Then we have K, '—^ VK J-K., and when we refer to a classical link (under fused 
isotopy) we mean / o i{L), the image of a link L G ICin the space JF/C. 

In 1 7 1, Kanenobu showed that all knots are fused isotopic to the unknot. He showed 
that all of the classical crossings of a virtual knot can be virtualized; that is every classical 
crossing can be changed into a virtual crossing by applying a sequence of fused isotopy 
moves. However, crossings between different components of a link cannot be virtualized 
using the same methods. The following theorem from 1 7 1 provides us with allowable moves 
under fused isotopy which were used in the virtualization procedure. 
Theorem 1. The moves A/i,M2 and M3, shown in Figure |2| can be realised by fused 
isotopy. □ 
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Figure 2: Allowable moves in fused isotopy 



In f4l the authors showed that the Jones polynomial for welded and fused links is well- 
defined in a quotient of Z[A, A^^] and observed that this polynomial depends only upon 
the linking number for links with two components. Inspired by this, we show that classical 
links, under fused isotopy, can be determined by the linking number of their components. 
Theorem 2. A classical link L with n-components is completely determined by the link- 
ing numbers of each pair of components under fused isotopy. 

The strategy that we use to prove Theorem|2lis to write L as the closure of a braid a on 
TO strands (where ni > n) and then to transform a into a pure braid /3 on n strands whose 
closure is also L. We show that (3 depends only on the linking numbers of the components 
of L. This means that any classical link with the same linking numbers as L can be obtained 
as the closure of (3. We need some preliminaries before we proceed with the proof. 



2. Preliminaries 

Recall that an element of the pure braid group P„ is an n-strand braid where the per- 
mutation induced by the strings is the identity. Pn has a presentation with generators Ai^j 
with 1 < i < i < n where 

Let C/fc be the subgroup of P„ generated by {Ai^k '■ 1 < i < k}. Then every ele- 
ment of Pn can be written in the unique normal form X2Xz • . . Xn, where x^ £ Ut (see 
1 1 1 for details). Define _B,;.j := <Jj-i . . . Cj+iCTi; for i < j and i?; :— 1. Then by defi- 
nition Aij+i = B^j Ajj+iBi j, and we can see from Figure|3lthat for k < i < j, Bij 
commutes with Ak.j+i in i3„. 




Figure 3: Akj+iB,j = B,jAk,j+i 

The virtual braid group on n-strands, VBn, can be defined by adding extra generators 
Ti, for 1 < i < n, corresponding to the virtual crossings, and relations corresponding to the 
virtual isotopy moves ||6][8j|. By adding the relations a^^Tjai = UjTiaJ^ with \i — j\ = 1, 



to the virtual braid group, we obtain the fused braid group, FBn- If j — i + I the relation 
corresponds to the F„ move, and if i ~ j + 1 it corresponds to the Fq move. The explicit 
realization of the moves AIi , M2 and M3 using and F^ moves is shown in |7 1, and this 
gives rise to the following consequences in FBn. 



Ml 
M2 
M3 



(Ti^T.al' = o-^T^-^ (2.1) 
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where |i — j | = 1. 

The following lemmas are used in the proof of Theorem |2l and the indices have been 
chosen to match the usage in the proof. Let ^ denote the equivalence class generated by 

fused isotopy and let Uk = Uk/ ^. 
Lemma 1. In FP„ we have: 

Aj,j+iA.i,j+iA'J^.^^ = A.,j+i where 1 < i < j + 1 < n. (2.2) 
In other words, Ajj^i — (t| is in the centre of Uj+i. 

Proof. Using the relations o-j<^j\crj = <^j-i<^J^<^j-i corresponding to an M3 move, and 
ajOj^iaJ^ = aj\aj<7j-i corresponding to an move, we obtain 



(2.3) 



Using Equation (12. 3> . we can compute 

= B^^_^a^aj\a^(7j^iaJ^Bi_j^i by commutation in i?„ 

= Bij_ 1 cTj aj_^aJ'^Bij^i by Equation H2.3P 

— ajB~j_-^a'j_iBij-iaJ^ by commutation in i3„ 

= A,j+i. □ 

Lemma 2. For every 1 < j + 1 < n, the subgroup tj+i of FP„ is commutative. 
Proof. Assume without loss of generality that k < i. Then 

Akj+iAij+i = Ak^j+iB^rJ-Ajj+iBi^j 

= B~jAk.j+iAjj-^-iBi,j by commutation in i?„ 

= B~jAjj+iAk,j+iBi^j by Lemma[T] 

= B~jAj j+iBijAi~j+i by commutation in i?„ 

= Aij^iAkj+i- □ 



Lemma 3. In FBn we have: 

Aij^iTj = TjAij for 1 < i < j — 1. (2.4) 
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Proof. Using the relations ajaj-iTj = Tj^icjjaj-i corresponding to an Fq move, and 



a.^iO'jTj-i — TjCTj^ia- ^ corresponding to an Afi move, we obtain 



, /- 1 ^j" - 1 ^J^J - 1 J - 1 '^J 

B~j_^aj\(jjajaj-iTjBij-i by commutation in VB„ 

B~j_ I crj\ aj Tj _ 1 a J cr^ _ i ^ _ i by an Fo move 

B~j_ I Tj (Jj -icj^ (Jj (Tj _ 1 i?i J _ 1 by an Mi move 

TjB~j_^aj_^Bi j^i by commutation in VB„ 

TjAij. □ 



3. Proof of Theorem m 

Let L be a classical link with n-components. By Alexander's Theorem, there exists 
a e B„i with m > n, such that the closure of a is L. Chow 1 2 1 (or see page 22 of 1 1 1) shows 
that every a can be written in the form a = X2Bk2,2 ■ ■ ■ XmBk^,„i where Xi ^ Ui < P„i 
and 1 < ki < i. Let a denote the closure of a. If m > n then we will construct (3 e _B„ 
such that f3 is fused isotopic to a. 

If Bkf.i = 1 for alH = 2, . . . ,m then a is a pure braid, which means that m must 
be equal to n. So let us assume that Bk^,s 7^ 1, for some s, and that if i > s then 
Bki.i = 1- This means that the permutation induced by a is the identity on the strands 
s + 1, . . . , m. Therefore, each of these strands forms a separate component of the link a. 
Now, conjugating a with Bi,m gives Bil^aBi^m, and as shown in Figure^] the (m — 1)- 
strand of the original braid a becomes the m-strand of the new braid. 



1 2 m 




Thus if we conjugate a with Bi^m {fn — s) times, we get a' = B\~^ aB^^^ and the 
s-strand of a becomes the m-strand of a' . Since a' is just a conjugate of a their closures 
are isotopic. Now write a' — 2/2^42,2 • • ■ ymBt„^,m with yi £ Ui. Then Bt^^m 7^ 1 and 
so by definition, Bt^.m = o-m-iBt^.m-i- A picture of a' is shown in Figurels] where 

W = 2/2-5*2,2 • ■ •2/m-l-Bt,„_i,m-l- 

Since Um is commutative (by Lemma|2j, we can write 

yrn — ^l^m ■ ■ ■ ^m~2,m ^m~l,m 



forsomeri, . . . ,rm-i- By definition, = o-J^i \ and since Bt„^,„i = am~iBt^^rn-i, 

we obtain ymBt„^.m = WmCrJ!l"T'^^St„^,,„_i, where u„ = A{\„^ . . . Al;"_zl,n- 
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Figure 5: The braid a' 



Since W does not involve the m-strand and ym is a pure braid. Figure |5] shows that 
the m-strand and the other strand that is involved in the last occurrence (and hence in all 
of the previous occurrences) of am-i in a' belong to the same component of i = a'. 
Therefore, following the strategy in |7 1, we can virtualize all of the 2r„j_i + 1 crossings in 

a' which correspond to cr„["f in a' . In doing so we have not changed the fused isotopy 
class of L but we have obtained L as the closure of ai = WumT^-i^^^ Bt^^m-i — 
WuraTm-iBt^.m-i- By Lemma|3] we obtain 

ai = WT,n-lV,n-lBt^^m-l 

where v^-i ^ A[],^_^ . . . v4;r_t,„_i. 

Figure|6lshows that there is only one crossing involving the m-strand in the braid ai. 
This is the occurrence of t,„_i. In a i, we can get rid of the virtual crossing corresponding 
to T,„_i with a virtual move (of type I). We have obtained a new link diagram 02 where 
a2 = Wvm-iBt^^m-i has m — 1 strands and 02 is fused isotopic to L. 



w 
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Figure 6: The braid ai 



If we continue with this process, eventually we will get a braid /? in i3„ whose closure 
is fused isotopic to L. Note that each strand of f3 corresponds to a different component 
of L and therefore /3 must be a pure braid. For i < j, define the group homomorphism 

6^^, : PB„ ^Zby 



Si,j{As,t) 



1 if s = i and t — j 
otherwise. 



Since /3 is a pure braid it is easy to see that 6i,j{(3) — lk{£i, £j) where £i and £j are the 

corresponding components of (3. 

This proves that any classical hnk L with n-components can be obtained as the clo- 
sure of a pure braid f3 = X2 ■ ■ - Xn where each can be written in the form Xk — 

A^-^'^ . . . A^j^^iji- This shows that (3 depends only on the linking number of the compo- 
nents. □ 
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Remark 1. We do not believe that the theorem will generahze to non-classical links where 
there are virtual crossings between different components. For example, let U2 be the trivial 
link with two components and let L = a where a = aiTicr^^Ti € FB2- Then both 
of these links have linking number but we conjecture that they are not fused isotopic 
(although currently there are no known invariants to distinguish them). 
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